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Abstract
In this paper by deriving the Modified Friedmann equation in the Palatini formulation
of R2 gravity, first we discuss the problem of whether in Palatini formulation an additional
R2 term in Einstein’s General Relativity action can drive an inflation. We show that the
Palatini formulation of R2 gravity cannot lead to the gravity-driven inflation as in the metric
formalism. If considering no zero radiation and matter energy densities, we obtain that only
under rather restrictive assumption about the radiation and matter energy densities there
will be a mild power-law inflation a(t) ∼ t2, which is obviously different from the original
vacuum energy-like driven inflation. Then we demonstrate that in the Palatini formulation of
a more generally modified gravity, i.e., the 1/R+R2 model that intends to explain both the
current cosmic acceleration and early time inflation, accelerating cosmic expansion achieved
at late Universe evolution times under the model parameters satisfying α≪ β.
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1. Introduction
Athough the fact that the expansion of our universe is currently in an accelerating
phase now seems well-established [1], so far the mechanism responsible for this is yet
not very clear. Many authors introduce a mysterious cosmic fluid called dark energy in
General Relativity and Roberson-Walker metric framework to explain this. See Ref.[2]
for a review and Ref.[3] for some recent models.
On the other hand, some authors suggested that maybe there does not exist such
a mysterious dark energy, but the observed cosmic acceleration is a signal of our first
real lack of understanding of gravitational physics [4, 6]. An example is the braneworld
theory of Dvali et al. [5]. Recently, some authors proposed to add a 1/R term in the
Einstein-Hilbert action to modify the General Relativity (GR) [6, 7]. It is interesting
that such a term may be predicted by string/M-theory [8]. In the metric formula-
tion, this additional term will give fourth order field equations. It was shown in their
works that this additional term can give accelerating expansion solutions for the field
equations without dark energy. In this framework, Dick [9] considered the problem of
weak field approximation, and Soussa and Woodard [10] considered the gravitational
response to a diffuse source.
Based on this modified action, Vollick [11] has used Palatini variational principle to
derive the field equations. In the Palatini formulation, instead of varying the action
only with respect to the metric, one views the metric and connection as independent
field variables and vary the action with respect to them independently. This would give
second order field equations. For the original Einstein-Hilbert action, this approach
gives the same field equations as the metric variation. For a more general action,
those two formulations are inequivalent, they will lead to different field equations and
thus describe different physics [12]. Flanagan [13] derived the equivalent scalar-tensor
description of the Palatini formulation. In Ref.[14], Dolgov and Kawasaki argued that
the fourth order field equations in metric formulation suffer serious instability problem.
If this is indeed the case, the Palatini formulation appears even more appealing, because
the second order field equations in Palatini formulation are free of this sort of instability
[15]. Furthermore, Chiba [16] argued that the theory derived using metric variation is
in conflict to the solar system experiments. However, the most convincing motivation
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to take the Palatini formalism seriously is that the Modified Friedamnn (MF) equation
following from it fit the SN Ia data at an acceptable level [15].
On the other end of cosmic time, the very early stage, it is now generally believed
that the universe also undergos an acceleration phase called inflation. The mechanism
driven inflation is also unclear now. The most popular explanation is that inflation is
driven by some inflaton field [17]. Also, some authors suggest that modified gravity
could be responsible for inflation [18, 19]. Revealing the mechanisms for current accel-
eration and early inflation are two of the most important objects of modern cosmology.
As originally proposed by Carroll et al. [6] and later implemented by Nojiri and
Odintsov [19], adding correction term Rm with m > 0 in addition to the 1/R term may
explain both the early time inflation and current acceleration without by introducing
inflaton and dark energy. Furthermore, Nojiri and Odintsov [19] showed that adding
a Rm term can avoid the above mentioned instability when considering the theory in
metric formulation. In this paper, we will show that in the Palatini formulation, the R2
term contribution is not same as to the conclusion when considering the theory in metric
formulation [18]. And the 1/R + R2 model will have some theoretical inconsistencies
as well as conflict with particle experiments that might invalid this model.
Besides, there are many activities in the study of quantum versions of R2 gravity
which seems to be a multiplatively renormalizable theory (for a review, see Ref.[22]).
However, such theory has had a serious problem: possible non-unitarity due to the pres-
ence of higher derivative terms. It is very promising that in Palatini formalism higher
derivative terms do not play such a role as in metric formalism such that the unitarity
problem of R2 gravity may be resolved in Palatini formalism. Aslo, it is interesting to
explore the R2 correction to the chaotic inflation scenario [25] in Palatini formulation.
When written in Einstein frame, in metric formulation, this will correspond to two
scalar field inflation; in the Palatini formulation, the model will correspond to a type
of k-inflation [26]. More detailed investigations of this idea can be found in our recently
published work[30].
This paper is arranged as follows: in Sec.2 we review the framework of deriving field
equations and Modified Friedmann (MF) equations in Palatini formulation; in Sec.3 we
discuss R2 gravity in Palatini formulation and show the cosmology implyings; in Sec.4
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we discuss the combined effects of both a 1/R term and a R2 term; Sec.5 is devoted to
conclusions and discussions.
2. Deriving the Modified Friedmann equation in Palatini formulation
Firstly, we briefly review deriving field equations from a generalized Einstein-Hilbert
action by using Palatini variational principle. See refs. [11, 12, 15] for details.
The field equations follow from the variation in Palatini approach of the generalized
Einstein-Hilbert action
S = − 1
2κ2
∫
d4x
√−gL(R) + SM (1)
where κ2 = 8piG, L is a function of the scalar curvature R and SM is the matter action.
Varying with respect to gµν gives
L′(R)Rµν − 1
2
L(R)gµν = κ
2Tµν (2)
where a prime denotes differentiation with respect to R and Tµν is the energy-
momentum tensor given by
Tµν = − 2√−g
δSM
δgµν
(3)
We assume the universe contains dust and radiation, thus T µν = {−ρm − ρr, pr, pr, pr}
where ρm and ρr are the energy densities for dust and radiation respectively, pr is
the pressure of the radiation. Note that T = gµνTµν = −ρm because of the relation
pr = ρr/3.
In the Palatini formulation, the connection is not associated with gµν , but with
hµν ≡ L′(R)gµν , which is known from varying the action with respect to Γλµν . Thus the
Christoffel symbol with respect to hµν is given by
Γλµν = {λµν}g +
1
2L′
[2δλ(µ∂ν)L
′ − gµνgλσ∂σL′] (4)
where the subscript g signifies that this is the Christoffel symbol with respect to the
metric gµν .
The Ricci curvature tensor is given by
Rµν = Rµν(g) +
3
2
(L′)−2∇µL′∇νL′ − (L′)−1∇µ∇νL′ − 1
2
(L′)−1gµν∇σ∇σL′ (5)
and
R = R(g)− 3(L′)−1∇µ∇µL′ + 3
2
(L′)−2∇µL′∇µL′ (6)
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where Rµν(g) is the Ricci tensor with respect to gµν and R = g
µνRµν . Note by con-
tracting (2), we get:
L′(R)R− 2L(R) = κ2T (7)
Assume we can solve R as a function of T from (7). Thus (5), (6) do define the Ricci
tensor with respect to hµν .
Then we review the general framework of deriving modified Friedmann equation in
Palatini formalism [15]. Let us work with the Robertson-Walker metric describing the
cosmological evolution,
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2) (8)
Note that we only consider a flat metric, which is favored by present observations [1].
From (8), (5), we can get the non-vanishing components of the Ricci tensor:
R00 = −3 a¨
a
+
3
2
(L′)−2(∂0L
′)2 − 3
2
(L′)−1∇0∇0L′ (9)
Rij = [aa¨ + 2a˙
2 + (L′)−1{0ij}g∂0L′ +
a2
2
(L′)−1∇0∇0L′]δij (10)
Substituting equations (9) and (10) into the field equations (2), we can get
6H2 + 3H(L′)−1∂0L
′ +
3
2
(L′)−2(∂0L
′)2 =
κ2(ρ+ 3p) + L
L′
(11)
where H ≡ a˙/a is the Hubble parameter, ρ and p are the total energy density and total
pressure respectively. Assume that we can solve R in term of T from Eq.(7), substitute
it into the expressions for L′ and ∂0L
′, we can get the MF equation.
In this paper we will consider the Palatini formulation of the following model sug-
gested by Carroll et al. [6] and implemented in the metric formulation by Nojiri and
Odintsov [19]:
L = R− α
2
3R
+
R2
3β
(12)
where α and β are parameters both with dimensions (eV )2.
Since in early universe, the R2 term is dominated. In order to find what this term
functions, we first consider the Palatini formulation of the modified action with only a
R2 term, that is:
L = R +
R2
3β
(13)
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This action has been studied by Starobinsky in metric formulation [18] and it has been
shown that a gravity-driven inflation can be achieved.
3. Palatini formulation of R2 gravity
The field equations follow by substituting Eq.(13) into Eq.(2)
(1 +
2R
3β
)Rµν − 1
2
gµν(R +
R2
3β
) = κ2Tµν (14)
Contracting indices gives
R = −κ2T = κ2ρm (15)
The second equality follows because the radiation has vanishing trace of momentum-
energy tensor. This equation is quite remarkable, since it is formally the same as
the one given by GR, with only one difference: Rµν is associated with the conformal
transformed matric hµν = L
′(R)gµν and R = g
µνRµν .
From the conservation equation ˙ρm + 3Hρm = 0 and Eq.(15), we can find that
∂0L
′ = −2κ
2ρm
β
H (16)
Substituting this into Eq.(11) we can get the Modified Friedmann equation for the
R2 gravity:
H2 =
2κ2(ρm + ρr) +
(κ2ρm)2
3β
(1 + 2κ
2ρm
3β
)[6 + 3F0(
κ2ρm
β
)(1 + 1
2
F0(
κ2ρm
β
))]
(17)
where the function F0 is given by
F0(x) = − 2x
1 + 2
3
x
(18)
It is interesting to see from Eq.(17) that all the effects of the R2 term are determined
by ρm. If ρm = 0, Eq.(17) simply reduces to the standard Friedmann equation.
Now let’s come to the discussion of inflation. To begin with, note that in the metric
formulation of the R2 gravity, inflation is driven by the vacuum gravitational field,
i.e. we assume that the radiation and matter energy densities is zero during inflation,
thus called ”gravity-driven” inflation. However, in the Palatini formulation, when the
radiation and matter energy densities is zero, it can be seen directly from Eq.(17)
that the expansion rate will be zero and thus no inflation will happen. Thus, in the
Palatini formulation of R2 gravity, we cannot have a gravity-driven inflation. So the
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only hope that the R2 term can drive an inflation without an inflaton field is that the
relationship between the expansion rate and the energy density of radiation and matter
will be changed which can lead to inflation (thus what we are talking now is similar to
the ”Cardassian” scenario of Freese and Lewis [27]: the current accelerated expansion
of the universe is driven by the changed relationship between the expansion rate and
matter energy density). We will see that naturally there will be no inflation and a
power-law inflation can happen only under specific assumption on ρm and ρr.
First, in typical model of R2 inflation, β is often taken to be the order of the Planck
scale [18]. This is also the most natural value of β from an effective field point of view.
Thus we naturally have κ2ρm/β ≪ 1. Under this condition, it can be seen that from
Eq.(18), we have F0 ∼ 0, and the MF equation (17) reduces to the standard Friedmann
equation:
H2 =
κ2
3
(ρm + ρr) . (19)
Thus it is obvious that in this case there will be no inflation. Also note that from the
BBN constraints on the Friedmann equation [20], β should be sufficiently large so that
the condition κ2ρm/β ≪ 1 is satisfied at least in the era of BBN. Thus we conclude that
in the most natural case, Palatini formulation of R2 gravity cannot lead to inflation.
Second, let’s assume that in the very early universe, we have κ2ρm/β ≫ 1 that is
the interesting possibility deviating GR. In this case, from Eq.(18), the MF equation
(17) will reduce to
H2 =
κ2ρm
21
+
2βρr
7ρm
+
2β
7
. (20)
Then we can see that if the β term could dominate over the other two terms, it would
drive an exponential expansion by the effective cosmological constant β. But note that
this equation is derived under the assumption that β ≪ κ2ρm. Thus inflation cannot
be driven by the β term. On the other hand, if we assume further that ρr ≫ κ2ρ2m/β,
i.e., the second term dominates in the MF equation (20) over some time interval if
ρ3r0 >> κ
2ρ4m0/β, and then if the matter and radiation evolve independently so that
from the relation ρr ∝ a−4 and ρm ∝ a−3, the MF equation (20) can be solved to
give a(t) ∝ t2 with neglecting numerical factors. Thus, only in this case, we can
get a mild power-law inflation that quite differs from the original exponent inflation
with enough e-folding for solving the Hot big bang cosmology puzzles: lack of defects,
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flatness, horizon and homogeneous problems. This kind of mild inflation will occur at
a time smaller than the timescale associated with β−1/2 ( in this MF equation for a
possible inflation there is a particular time scale associated to the parameter β being
β−1/2 by dimension anlysis), which may be unrealistic if the time scale is of order
of the Planck time. However, current constraint with cosmic background radiation
anisotropies (power spectum) analysis on the rate of power-law inflation reads p > 21
where a ∝ tp (see, e.g., Ref.[29]). So this case is not a viable model of inflation.
Besides, we can see it in another aspect with the e-folding number N large enough
requried for solving the original cosmology problems.
N = ln[
af
ai
] = 2ln(tf/ti) (21)
If we ask the e-folding number N > 60 then we have tf > e
30ti, i.e, this kind of
power-law inflation lasts not less than 1013 times the initial time which is against the
primordial inflation required. As additional comments we should mention that there
are some low energy-scale inflation taking place possibilities, especially if one considers
alternative ways to generate density perturbations, such as the curvaton mechanism or
a modulated inflaton decay constant, but these scenaries are not relevant to what we
focus on above.
At late cosmological times when κ2ρm/β ≪ 1, F0 ∼ 0, the MF equation (17) reduces
to the standard Friedmann equation, which implies that early universe dynamics is
dominated by larger curvature term and enlightens us to describe late times cosmologies
by including possibly the sort of Rn term with n as negative integer when the small
curvature term dominates. Moreover as a reduction, this type of inflation also occurs
in a more complicated model with an additional R−1 term, when taking this term’s
coupling constant going to zero directly, as we will discuss in next section below.
In summary, in the Palatini formulation, the modified gravity theory with a R2
correction term would not lead to an early time gravity-driven inflation, in opposite
to the famous conclusion when considering the theory in the metric formulation. The
difference of those two formulations is now quite obvious. Now, we still can not tell
which one is physical. But this makes those results more interesting. It is conceivable
that quantum effects of the R2 theory in Palatini formulation would also be different
from the metric formulation (see Ref. [22] for a review). Such higher derivative terms
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similar to R2 term may be induced by the quantum effects, e.g., trace anomaly [22, 23].
It has been recently shown [23] that phantom cosmology implemented by trace anomaly
induced terms also admits both early time inflation and late time cosmic acceleration.
It follows from our consideration that R2 term in Palatini formulation does not sup-
port inflation, then we expect that also in phantom cosmology with quantum effects
considered in Palatini formulation, the inflation does not occur either.
4. Palatini formulation of a 1/R +R2 gravity
In this part we will consider mainly the cosmological consequences of a R−1 + R2
gravity theory, when this is analyzed in the Palatini formulation. The R−1 phenomeno-
logical theory have gained some interest since it seems to be able to account for cos-
mological observations in Supernovae Ia, as an alternative model to dark energy; this
topic nowadays is a hot subject under discussions [28]. Now the additional R−1 term
is coupled to a R2 term to investigate possibly more interesting cosmological features,
such as if the above discussed kind of mild power-law with power 2 (early Universe)
inflation could also happen. Qualitatively reasoning the large curvature terms’ domi-
nate cosmic global evolution at early times that the inverse curvature terms effect can
be neglected for the early universe evolution stage, which is also reflected in Inflation
theory. In this case the above section discussions apply here.
Now let’s turn to discussions of the 1/R+R2 gravity more mathematically, especially
the relative strength for the two additional curvature terms.
The field equations follow by substituting Eq.(12) into (2)
(1 +
α2
3R2
+
2R
3β
)Rµν − 1
2
gµν(R− α
2
3R
+
R2
3β
) = κ2Tµν (22)
Contracting indices gives explicit expression for scalar curvature
R =
1
2
α[−κ
2T
α
+ 2
√
1 +
1
4
(
κ2T
α
)2] =
1
2
α[
κ2ρm
α
+ 2
√
1 +
1
4
(
κ2ρm
α
)2] (23)
where we take the plus sign in the two root solution as the matter density is positive,
and as in Sec.3, we assume the universe contains dust and radiation. It is interesting
to note that Eq.(23) is the same as the one in 1/R gravity [15].
From the conservation equation ˙ρm + 3Hρm = 0 and Eq.(23), we can find that
∂0L
′ =
( α
R
)2 − R
β√
1 + 1
4
(κ
2ρm
α
)2
κ2ρm
α
H (24)
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Substituting this into Eq.(11) we can get the MF equation:
H2 =
κ2ρm + 2κ
2ρr + α[G(
κ2ρm
α
)− 1
3G(κ
2ρm
α
)
+ α
3β
G(κ
2ρm
α
)2]
[1 + 1
3G(κ
2ρm
α
)2
+ 2α
3β
G(κ
2ρm
α
)][6 + 3F (κ
2ρm
α
)(1 + 1
2
F (κ
2ρm
α
))]
(25)
where the two functions G and F are given by
G(x) =
1
2
[x+ 2
√
1 +
1
4
x2] (26)
F (x) =
(1− α
β
G(x)3)x
(G(x)2 + 2α
3β
G(x)3 + 1
3
)
√
1 + 1
4
x2
(27)
In order to be consistent with observations, we should have α≪ β. We can see this
in two different ways.
Firstly, when κ2ρm ≫ α, from Eq.(26), G ∼ κ2ρm/α. From the BBN constraints,
we know the MF equation should reduce to the standard one in the BBN era [20]. This
can be achieved only when F ∼ 0 [15] and from Eq.(27), this can be achieved only
when α≪ β and 1≪ κ2ρm/α≪ (β/α)1/3.
Secondly, when κ2ρm ≪ α (this is just the case we are interested in for considering
the deviation from GR), we can expand the r.h.s. of Eq.(25) to the first order in
κ2ρm/α:
H2 =
11+α/β
8+4α/β
κ2ρm +
3
2+α/β
κ2ρr +
1
2
α
6 + 9
4+2α/β
(1− α/β)κ2ρm
α
(28)
When α ≪ β, this will reduces exactly to the first order MF equation in the 1/R
theory [15]. Since we have shown there that the MF equation in 1/R theory can fit the
SN Ia data at an acceptable level, the above MF equation can not deviate from it too
large, thus the below condition should be satisfied consistently,
α≪ β (29)
The coupling constant α is very small and the inverse curvature term functions only
at larger cosmic scale as expected, which also can be seen from the recent analysis by
Carroll et al [6, 28].
Following Ref.[13], we have an equivalent scalar-tensor description of the Palatini
formulation of modified gravity. When considering the 1/R+R2 gravity, the potential
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is given by [13, 16]
V (Φ) =
2α2
3φ
+ φ
2
3β
2κ2
exp(−2
√
2κ2
3
Φ) (30)
where φ is determined from Φ by
2
3
(
φ
β
)3 − (exp(
√
2κ2
3
Φ)− 1)(φ
β
)2 +
1
3
(
α
β
)2 = 0 (31)
Now we can see a problem of 1/R + R2 gravity. The determinant of Eq.(31) is
∆ = 27
4
(α
β
)2[(exp(
√
2κ2
3
Φ)− 1)3 − (α
β
)2]. When it is positive, i.e.
√
κ2Φ >
√
3/2 ln(1 +
(α/β)2/3), Eq.(31) has three distinct real solutions. Thus the correspondence to scalar-
tensor theory is not one-to-one now. According to Ref.[21], this is a strong indication
that the 1/R + R2 theory is not a consistent theory. Furthermore, as also pointed
out to us by E´anna Flanagan [24], this implies that when R exceeds the critical value
R0 = (α
2/β)1/3 which satisfies L′′(R0) = 0, the 1/R+R
2 theory has not a well-behaved
initial-value formulation.
In Ref.[13], Flanagan also showed that, if we assume the 1/Rmodel is also applicable
at small scales, there will be severe conflict with electron-electron scattering experi-
ments. This conflict is due to the smallness of the energy scale of the potential near the
extremal point, which is α/κ2 ∼ 10−12(ev)4 in the 1/R case. In the 1/R+R2 case, we
can find that the extremal value V ′(Φ0) = 0 is given by
√
κ2Φ0 =
√
3/2 ln(4/3+2α/3β).
This corresponds to φ = α. Substitute this into Eq.(30) and use the fact α≪ β found
above we can find that near the extremal point Φ0 the potential is of the order α/κ
2,
i.e. the same as the 1/R case. Thus the conflict will still appear.
However, the above conflict is due to the fact that we assume the 1/R corrected
action is applicable in very small scales in addition to the astrophysical scales where
it is originally suggested to be effective to explain the cosmic acceleration. Thus, this
1/R gravity theory can not be a fundamental theory and if we can find some way to
guarantee that it is only effective in large scale, we can still use it to discuss cosmological
issues. A concrete way to achieve this is still under investigation.
5. Conclusions and Discussions
In this paper we have shown that in the Palatini formulation, a R2 term can not
lead to an early time inflation, in opposite to the conclusion when considering the
theory in metric variation. Furthermore, in the more general 1/R + R2 model that
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intends to explain both the current cosmic acceleration and the early time inflation, we
have demonstrated that accelerating cosmology at late times can be obtained without
dark energy introduced under the model coupling constants consistently satisfying the
condition that α≪ β.
Intuitively speacking, the cosmic global evolution at early times is dominated by
large curvature term like Rn (n > 0) while at later times by kind of Rn (n < 0) term
when the small curvature term dominates the global evolution. The current ”standard
theory” of gravitation, Einstein’s General Relativity (GR) has passed many tests within
Solar system. To reconcile the successful GR predictions within the solar system, the
extended gravity theories may be required to be scale sensitive. It could be challenging
and profound to locate the additional curvature terms in our above discussions what
form of scale dependence.
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